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1 Introduction 


Complete noncompact Riemannian manifolds with nonnegative sectional curva¬ 
ture arise naturally in the Ricci flow when one takes the limits of dilatio ns abou t 
a singularity of a solution of the Ricci flow on a compact 3-manifold [ H-95a]. 


To analyze the singularities in the Ricci flow one needs to understand these 
manifolds in depth. There are three invariants, asymptotic scalar curvature ra¬ 
tio, asymptotic volume ratio and aperture, that have been used to study the 
geometry of these manifolds at infinity. 

Let ( M n ,g ) be a complete noncompact Riemannian manifold with nonneg¬ 
ative sectional curvature and let O £ M be some point which we call the origin. 
The asymptotic scalar curvature ratio (ASCR) is defined by 


ASCR (M,g) = limsup R ( x ) • d (x, O) 

d(x,0 )—>oo 


(i) 


where R is the scalar curvature. ASCR is a measure of how non-flat the manifold 
is at infinity. Since the sectional curvature is nonnegative, there is a positive 
constant c depending only on n such that 

c _1 • limsup \Rm (ir)| • d (x, O) 2 < ASCR (M, g) 

d(x,0 )—»oo 

<c- limsup \Rm(x)\ ■ d(x,0) 2 

d(x,0)—>oo 

where Rm is the Riemann curvature tensor. In the literature sometimes 

limsup | Rm, (x) \ ■ d (x, O) 2 

d(x,0 )—kx> 

is used as the definition of ASCR. It is clear that ASCR is independent of the 
choice of origins and is invariant under scaling. 

ASCR has been used to study gap theorems. In particular, in 


ESS-89| 


Eschenburg, Schroeder and Strake proved that if (M 2k+1 , g) is a complete non¬ 
compact odd-dimensional Riemannian manifold with positive sectional curva¬ 
ture, then ASCR(Ad,g) > 0. These types of results are generally referred to as 
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gap theorems since they show the existence of a gap between flat R" and met¬ 
rics of positive curvature on R ra . Gap theorems have been proved by Greene-Wu 

and Drees 


GW-82[, Kasue and Sugahara [KS-87 


D-94]. For a survey of the 


history of gap theorems related to the notion of ASCR, see [ G-97]. ASCR has 


also been used to study the structure of manifolds at infinity~[PT-01|. 


Below we give a few examples about how ASCR is used in singularity analysis 
in the Ricci flow. 


1. In | H-95a] Hamilton showed that for a solution to the Ricci flow on a 
compact 3-manifold forming a Type II singularity and satisfying an injec¬ 
tivity radius estimate, there exists a sequence of dilations converging to a 
complete solution (Adj^,, goo (t)) defined for all t £ (— 00 , 00 ) with nonneg¬ 
ative bounded sectional curvature and attaining its maximum of the scalar 
curvature on space and time. In | H-93b|| it is shown using the differential 


Harnack inequality of Li-Yau-Hamilton type [ H-93a] that the universal 


covering solution ^Ad ^ (t) J of such a solution must be a stationary 

solution (also called Ricci solitons) of the Ricci flow in the space of met¬ 
rics modulo diffeomorphisms flowing along a gradient vector field, that is, 
there exists a 1-parameter family of diffeomorphisms ip t ■ Ad^, —> Adj^, 
such that goo ( t ) = tp% (goo (0)) and the 1-parameter family of vect or fields 
X (f) generated by ip t are the gradients of functions / (i). In §20 of [ H-95a| 


it is shown that such a Ricci soliton must have ASCR(g (t)) =00 for all 
t € (— 00 , 00 ). 


2. In §22 of [ H-95aj Hamilton showed using a geometric result about bumps 
of curvature from §21 of | H-95a] that if a complete solution to the Ricci 
flow with bounded curvature has ASCR(g (t)) = 00 , then one can perform 
dimension reduction. In particular, provided there is a local injectivity 
radius estimate, there exists a sequence of points i n Ad 3 with 

lima^tx, d g{0 ) (y a , O) = 00 such that the sequence of dilated solutions on 
balls { (B ga ( 0) ( y a , r a ) , g a (t)) , y a } QgN , where 

g a ( t ) = R ( g a ) (y a , 0) g (t ■ R (ga) -1 ( y a , 0)^ 

and limc^oo r 2 a R ( g a ) ( y a , 0) = 00 , converges to complete solution to the 
Ricci flow (Voo, koo {t) , yoo ) with bounded nonnegative sectional curvature 
which splits metrically as the product of R and a solution on a surface with 
positive curvature. This is why it is important to know when a noncompact 
ancient solution has infinite asymptotic scalar curvature ratio, when this 
is true one should be able to perform dimension reduction. 


3. In §5.3 of | H-97] it is shown that for an ancient solution (Ad, g (t)) to the 


Ricci flow which is complete with bounded positive curvature operator and 
satisfies certain pinching conditions, then ASCR(Ad, g (t)) = 00 if and only 
if for some fixed time the solution metric has an arbitrarily necklike end 
(see §2 below for a definition). 
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The asymptotic volume ratio is defined by 


AVR(g) = lim 


Vol [B (0,r)] 


where B(0,r ) = {x : d(0, x) < r}. It is als o used in singularity analysis in the 
Ricci flow. In particular, in §19 of [ H-95a| Hamilton showed that a complete 


ancient Type I-like solution to the Ricci flow with bounded positive curvature 
operator and finite ASCR must have AVR(g (t)) >0 for all t. He also showed 
there that the scalar curvature decays exactly quadratically: 


0 < c < R(x,t) d g p) (x, O ) 2 < C 


where c and C depend on O and t. 

This paper arises from exploring the following idea inspired by the work of 
Hamilton H-97j. If a piece of a positively curved complete noncompact mani¬ 


fold is sufficiently close to a long standard cylinder, then its asymptotic scalar 
curvature ratio is large. 


2 Main results 


To state the main result of this paper we need to define the so-called (e,k,L)- 
n ecks. First we recall a few basic definitions concerning necks from §3.2 of 
H-97 . A topological neck in a differentiable manifold At” is a local diffeomor- 


phism 


N : 5 n_1 x [a,b]->M r 


for some a < b. 

Let g be a Riemannian metric on M and g = N* ( g ) be the pulled-back 
metric on on S'™ -1 x [a, b]. A neck is called normal if it satisfies the following 
five conditions. 


1. (good slices) Each slice S n 1 x {z} C S n 1 x [a,b\, z £ [a,b], has 
constant mean curvature with respect to g. 

2. (good parametrizations of the slices) The identity map 

t : (S” -1 x {z} , g) -f (S n — 1 x {z} , g) 


is harmonic for all z £ [a, 6], where g is the standard metric. 

3. (taking in account that conformal maps of S 2 are harmonic) When 
n = 3 the center of mass of S' 2 x {z}cR 3 x {c} with respect to g is the 
origin: 

/ x dA g (x) = 0 € R 3 
Js 2 x{z} 

for all x £ [a, b], where dA g is the area form. 
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4. (good spacing of the slices) The spacing of the slices are normalized 
using volume by 


Vol (S n 1 x [z,w\,g) 



(: v) n d V, 


where 

Area(5 ,7t ~ 1 x {y},g) 

^n —1 

is called the mean radius. 

5. (aligning the parametrizations) If V is a Killing vector held on a slice 
(S' 71-1 x {z} , g ), then the unit normal vector held v of S 2 x { 2 } C R 3 x { 2 } 
with respect to g satishes 





g{V, v)dAg = 0 


for all 2 € [a, b}. 

Note that in condition 4 it is important that the power of r(y) is n, not n — 1. 


A neck is called (e, k)-cylindrical if 

1. (conformally close to cylindrical in C°) the metric 

g(d,z) = r(z)- 2 g(0,z ) 

satishes 

\9-9\g < 

2. (conformally close to cylindrical up to C k ) 

\ V %<6 

for all 1 < j < k, where V is the covariant derivative with respect to g, 

3. (mean radius changes slowly) 

gP logr ( 2 ) 

-r - - < £ 

dz* 

for all l < j < k. 

A neck N in a manifold A4" is called an embedded neck if N : S" -1 x [a, b] - 
At” is an embedding. 
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Definition 1 (i) A map N : 5™ _1 x [a, b] —> A i is called an (e,k,L)~ neck if it 
is a normal (e, k)-cylindrical neck and b — a > 2 L. 

(ii) A complete Riemannian manifold (A4,g) with exactly one topological 
end is called to have an arbitrarily necklike end if for every {e,k,L) there exists 
an (e, fc, L)-neck in (AA,g). 

Definition (ii) is from §5.3 of [| H-97| (p. 71). We write =4 

(£ 2 ,k 2 ,L 2 ) if S\ < £ 2 , ki > k '2 and L\ > L 2 . In the next lemma we collect 
a few simple properties of (e, k , L)-necks. 

Lemma 2 (i) (e,k, L)-necks are scale-invariant, i.e., if N : S n ~ 1 x [a, b] —> 
(A T n ,g) is an ( e,k,L)-neck then N : S n ~ l x [a, 6] —> (A 7 /", A 2 • g) is also an 
(e, k , L)-neck for any A > 0. 

(ii) If N : S'™ -1 x [a, 6] —> M is an (e\, k\, L\)-neck and {e\,ki,Li) =4 
(£ 2 , k 2 , L 2 ), then N is an (e 2 ,k 2 , L 2 )-neck. 

(in) //S'™ -1 is the sphere of radius r, then for all £ > 0 and k £ N the product 
manifold AA = S'™ -1 x [— rL, rL\ has an (e, k, L)-neck given by the obvious map. 


The main result of this paper is the following theorem which will be proved 



Theorem 3 For every odd integer n > 3 and every positive Co < oo there 
exists (eo,ko,Lo) such that if (AA n ,g) is a complete, orientable, noncompact 
Riemannian manifold with bounded positive sectional curvature and A4 contains 
an embedded (e, k, L)-neck with (e, k, L) =4 (ecu & 0 ) A)) > then 

ASCR(g) > C 0 . 


The main result may be thought of as a odd-di mension al quantitative version 
of the “only if’ part of Theorem 3.1 in §5.3 of H-971, which states that a 


complete noncompact ancient solution to the Ricci flow on a four-manifold with 
bounded positive curvature operator satisfying certain pinching conditions has 
an arbitrarily necklike end at sometime if and only if the asymptotic scalar 
curvature ratio is infinite. In particular, we obtain a weaker characterization of 
ASCR(g (t)) = oo, which is one of the ingredients used in the proof of Theorem 
[| below. 

The main result has the following useful consequence in dimension three. 
Recall that an ancient solution is called Type-I like if 


sup \t\ ■ \Rm{x,t)\ < oo. 

JA n X ( — oo,0] 


Theorem 4 If ( AA 3 ,g(t )) , —oo < t < u>, is a complete noncompact ancient 
Type I-like solution to the Ricci flow with bounded positive sectional curvature 
on an orientable 3-manifold, then ASCR(g (f)) = oo for all t £ (—oo,w). 


We shall prove this theorem in §||. This answers a conjecture of Hamilton 
when n = 3. In §22 of | H-95a| (p. 93) he writes: 
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We do not know any examples of complete noncompact ancient 
solutions of positive curvature operator with Rs 2 < oo and R\t\ < 
oo, and we conjecture none exist, since the curvature has had plenty 
of space and time to dissipate. 

Conjecture 5 There does not exist complete noncompact ancient Type I-like 
solutions to the Ricci flow with bounded positive curvature operator. 


By the theorem above such solutions, if they were to exist, must necessarily 
have infinite asymptotic scalar curvature ratio. When n = 2 it is proved in 
Theorem 26.1 of [ H-95a| that there does not exist complete noncompact ancient 
Type I-like solutions to the Ricci flow with positive sectional curvature. For 
the mean curvature flow, which in general has very similar properties as the 
Ricci flow, there are no complete noncompact strictly convex Type I-like ancient 
solutions by Huisken’s classification using his monotonicity formula Hu-901. 


3 Relative volumes and necks 

The main result of this section, Proposition [To] below, is to combine the relative 
volume comparison theorem (Lemma 0 ) and the existence of an embedded 
(e, k, L)-neck to show that there are small relative volumes. Note that this 
result holds in both odd and even dimensions. 


3.1 Busemann functions 

Let (M n ,g) be a complete noncompact Riemannian manifold. Given a point 
Q £ At and a ray 7 emanating from Q , the Busemann function & 7 : M —> R 
associated to 7 is defined by 

b y (x) = iim [t - d(j(t),x)}. 

t —> + 00 

Let 1Z be the set of all rays emanating from Q. The Busemann function 6 q : 
M —> K with the base point Q is defined by 


bq(x ) = sup 6 7 (x) 
'yan 


We collect some well-known properties of Busemann functions on complete non¬ 
compact Riemannian manifolds with nonnegative sectional curvature in the fol¬ 
lowing lemma (for a proof see, for example, |CG-72 and |LT-87|). 


Lemma 6 Let (A4 n ,g) be a complete noncompact Riemannian manifold with 
nonnegative sectional curvature. Then 

(i) The Busemann function bQ is proper, Lipschitz with Lipschitz constant 
1 and bounded from below. 

(ii) The sublevel sets C r = {x £ Ai : bQ ( x) < r} are compact and totally 
convex. 
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(Hi) Let S r 4- b Q (r) denote level set of the Busemann function. Then for 
any ry < r 2 

S ri ={i€ C r2 : d (x, S r2 ) = r 2 — ri} . 

(iv) |bQ (x) | < d(x,Q), which implies B ( Q,r) C C r . 


The following lemma says that any sufficiently long minimal geodesic seg¬ 
ment emanating from Q can be well approximated by a ray emanating from Q 
and that the Busemann function is similar at infinity to the distance function 
to the base point Q (see Li-Tam [LT-871 Theorem 2.3 on p. 177, Kasue 


K- 


Lemma 1.4 on p. 598, Drees [ D-94| Lemma 1 on p. 80 and for an exposition 
see [ CKEQ. For the convenience of the reader we give a proof here. 


Lemma 7 Let (A i n ,g) be a complete noncompact Riemannian manifold with 
nonnegative sectional curvature. Define 9 : [0, oo) —> [0, w] by 


6(r)= sup inf Zq(ct / ( 0 ), 7 , ( 0 )), 

<re5(r)76K 


where S(r) is the set of all minimal geodesic segments cr of length L(cr) > r 
emanating from Q. Then 

(i) 9(r) is a nonincreasing function of r and 


lim 9 (r) = 0. 

r —>-+oo 


(ii) The function bQ and d(-,Q) are asymptotically equal, more precisely 


(1 - 0[d (x, Q)]) • d (x, Q) < bQ (x) < d (x, Q) ( 2 ) 


for all x £ A4. 


Proof, (i) From the definition it is clear that 9(r ) is a nonincreasing func¬ 
tion of r. If linv^oo 9 (r) ^0, there exists e > 0, a sequence of points pt £ M 
with d(pi,Q) /' +oo, and minimal geodesic segments <7i joining Q and pi 
parametrized by arc length such that 

^q(o-'( 0 ), 7 '( 0 )) > e 

for each i and all rays 7 £ K. By the compactness of the unit sphere in 
TqM , there is a subsequence such that lim ,,^ +00 at (0) = V x exists. Let cr : 
[0, + 00 ) —> M be the unique geodesic with croo(O) = Q and £7^(0) = Voo- It is 
clear that a oo £ 1Z. In particular the condition 

43 (ct'.( 0 ),c 4 ,( 0 )) > e 

is impossible for large enough j. (i) is proved 

(ii) For any x £ A4 let cr be a minimal geodesic from Q to x and r = d(x, Q). 
Since 1Z is a closed set, there is a ray 7 £ 7 Z such that Zq(ct'(0), 7 '( 0 )) < 6(r). 
Then it follows from sectional curvature Kj^i > 0 and Toponogov’s comparison 
theorem that d(x,'y(r)) < 9{r) ■ r. Hence 

b Q {x) > & 7 (x) > r d(x,j(r)) > (1 — 9{r)) • r. 

The lemma is proved. ■ 
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3.2 Necks in manifolds with positive sectional curvature 

We call a neck N : S '" -1 x [a, 6 ] —> At absolute (e,k)-cylindrical if it satisfies 
the following two inequalities. 


1 . 


m 


■ 9-9 


< e on S n “ 1 x [a, b] 


( 3 ) 


where r (2±£) is the mean radius of 5" 1 x { 2 ±£}. 


2 . 


V J 


1 


r 2 (^) 


• 9 


< e on S '"” 1 x [a, b) 


( 4 ) 


for all 1 < j < fc, where V is the covariant derivative with respect to < 7 . 


We call a topological neck an absolute (s, k, L)-neck if it is a normal absolute 
(e, k )-cylindrical neck and b—a> 2 L. When (ei,&i,Li) =<; (£ 2 ,fc 2 , A 2 ), an 
absolute (ei, &i, Li)-neck is an absolute (£ 2 , & 2 , L 2 )-neck. The following result, 
whose proof is given in Appendix A, holds for necks in arbitrary Riemannian 
manifolds. 


Lemma 8 Given (e, k , L ), t/iere exists £' = £'(£, k, L) < £ such that if N : 
S n ~ x x [a, 6 ] —> At is an (£ r , k, L)-neck, then N is an absolute (£,k, L)-neck. 


Let N : 5 1 " -1 x [—L,L\ —> At n be an embedded neck in a complete non¬ 
compact Riemannian manifold (At", g) with positive sectional curvature. By 
Gromoll and Meyer [ GM-69|, At" is diffeomorphic to K". Thus it follows from 


the solution of the Schoenflies Conjecture in dimension n ^ 4 [M-591, [ B-60] 


that the center sphere N (S n 1 x {0}) bounds a differentiable ball in At" when 
n / 4. When n = 4 Hamilton proved the following lemma (see Theorem 1.1 in 
§7 of “ 


H-97|, the proof there works for all n > 2). 


Lemma 9 There exists {£ a ,k a ,L a ) having the following property. For any 
(£,k,L) =4 (£ q , k a , L a ) and any complete noncompact Riemannian manifold 
(At", g) with positive sectional curvature which has an embedded (e, fc, L)-neck 
N : S ’" -1 x [—L,L\ —> At", the center sphere N (S ’" -1 x {0}) bounds a differ¬ 
entiable ball in At". 


3.3 Necks and relative volumes 

Let w n _ 1 be the volume of the sphere S '" -1 of radius 1, and £& = £ 7 (A, 1 , L b ) 
be a function of Lf, as in Lemma | 8 | 

Proposition 10 For any S > 0 there is Lb > max(L a , 16) having the follow¬ 
ing property. For any ( £,k,L) =4 (min (£ a ,£b),k a . Lb), if there is an embedded 
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(e, k, L)-neck N in a complete noncompact Riemannian manifold ( M. n ,g ) with 
positive sectional curvature 


N:S "- 1 x [-£,i] — (M n ,g), 

then without any loss of generality we may assume that the component of M — 
N (S™- 1 x [— Lb,Lbfj bounded by 7V(S'" - ^ x {—Lb}) is dijfeomorphic to a ball 
and for any Q £ N(S n ^ 1 x {—Lb}) and there exists rg > 0 such that for any 
R2 > Ri > r 0 the following relative volume estimate holds: 


Vol[B(Q,R 2 )\B(Q,R 1 )] 

^ • (i$ - fl?) 


< 


( 5 ) 


Remark 11 TTie r 0 > 0 we shall choose has the property that for all R 2 > 
> r 0) B (Q , R 2 )\B (Q , Ri) is contained in the component (diffeomorphic to 
S’™” 1 x r; of M - N (S'"- 1 x [~L b ,L b ]) bounded by A^S"" 1 x {L b }). 

Recall that a geodesic is called normal if it is parametrized by arc length. 
To prove this proposition we need the following form of the relative volume 
comparison theorem (see Theorem 3.1, p. 226 in Zhu [ Z-97 |). Let T be any 
measurable subset of the unit sphere S C T p M. Given r < R, let 

r < d(x,p) < R and there exists a 
Ar,n,(p) = { a; € jM : normal minimal geodesic 7 from 
7 ( 0 ) = p to x satisfying 7 '( 0 ) £ T 

Fix any point pn in the simply-connected space form of dimension n and of 
constant sectional curvature H, let A} R [pn) be the corresponding set in the 
space form. Clearly A^ R {p) C B(p, R)\B(p, r), and if T = S p -1 then A^ R (p) = 
B(p, R)\B{p, r). 

Lemma 12 (Bishop-Gromov relative volume comparison theorem) Let[M. n ,g) 
be a complete Riemannian manifold with RicM > (n — 1 )H. If r < R, s < S, 
r < s, R < S and T is as above, then 

Vol (Als(p)) Vol (A r rR (p)) 


Vol H (Al s (p H )) ~ Vo\ H (A?no¬ 


where Vol ff is the volume in the space form. 


Proof of Proposition 10. By multiplying the metric g by a positive constant if 
necessary, we may assume that the center sphere N(S n ~ 1 x {0}) has mean radius 
r(0) = 1. Note that N remains an (e, k, L)-neck after the scaling and the desired 
estimate (|j) does not change after the scaling. Let N b = N\g n -i x ^ Lb ^ Lb ^ : 
S" _1 x [—L b , L b ] —> M. It is clear that N b is a (e,k,Lb)- neck. 

It follows from Lemma that M. — N b (S' 71-1 x [—Lb, L b \) has two compo¬ 
nents U\ and U 2 , where ZYi is diffeomorphic to an open ball B n and without loss 
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of generality we may assume bounds N b ( S n 1 x {—Lb}) , and U 2 is diffeomor- 
phic to S ' 77-1 x R and bounds N b (S ’ 71 " 1 x {L b }). Let Q <E A^S 77 " 1 x {-L b }). 
Define for R 2 > Ri > 0 


r = 


there is x such that R\ < d(Q, x) < R 2 
7 7 ( 0 ) G Sq~ l : and there is exactly one normal minimal 
geodesic 7 from 7 ( 0 ) = Q to x. 


Then Al RiR ^{Q) is a subset of B(Q, R 2 )\B(Q, Ri) and 

Vol [^ lifl 2 (Q)] = Vol [ B(Q,R 2 )\B(Q,R 1 )] 


( 6 ) 


since [ B(Q, R 2 )\B(Q, i?i)] r 2 (Q) is contained in the set of cut locus 

points of Q, which has measure zero. 

Let H = 0. The corresponding space form is Euclidean space, and 


Vol°(^ iifl2 (0)) = ^p.(^-^) 

where m(T) is the measure of T in Sq -1 . We will apply Lemma [T^ to (^|) to 
prove (D- Thus we need to find for comparison another relative volume which is 
less or equal to S. We will find this other relative volume by using the embedded 
neck. 

Choose ro large enough (depending on the neck N b and the manifold M), so 
that B (Q, ro) D UiU N b (S ' 71-1 x [—Lb, Lb]]) . This implies that if R 2 > R\ > ro, 
then A r Ri Ji2 (Q) C U 2 - 

For any normal minimal geodesic 70 : [0, £ 0 ] —> M. with 7 o( 0 ) = Q, 70 (£ 0 ) S 
.A^i >i?2 (Q) and 7q(0) G T, then 70 will intersect N b (S ' 77-1 x {0}) at some (ex¬ 
actly one) point, say 'yo(wo), and we claim that 


m > —Lb ■ 


( 7 ) 


To see the claim, since e b = e'(-L,l, L b ), by Lemma || N b is an absolute 
(jh, 1 , Lf,)-neck and hence (here we use the assumption that mean radius r( 0 ) = 


1 ) 




( 8 ) 


where N b g is the push-forward metric. From 70 {wq) £ N b ( S n 1 x {0}) and 
Q = 70 (0) G N b (S ' 71-1 x {—Lb}) we have 


djvjg (70 (0) ,7o (wo)) > L b . 


Hence 


u>o = d g (70 ( 0 ) ,70 (w 0 )) > —d N ,g (70 ( 0 ) ,70 {w 0 )) = — -L b . 
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We now claim that (this is only a rough estimate) 


wo + 10 < r 0 . 


(9) 


Since M\B(Q,r 0 ) C U 2 , we have 


r 0 > d g {Q,U 2 ) > d g {Q,N b (S n ~ l x {L b }). 

Since any minimal geodesic from Q to any p £ 7V b (S n_1 x {L b }) must intersect 
N b (S n ~ 1 x {0}), we have 

d g (Q,N b (S n - 1 x {L b }) > d g (Q,N b (S n ~ 1 x {0}) 

+ d g (N b (S n - 1 x {O},^ 6 ^"- 1 x {L b }). 

By (j|) the diameter 

diam g (S n ~ 1 x {0}) < — • diam N b g (S n ^ 1 x {0}) = — 


it follows 


1 1 7T 1 1 7T 

d g {Q,N b (S n ~ 1 x {0}) > d g (Q, 7 (wo)) - — = w 0 - —. 
^From ((sj) we have 


d g (N b (S n ~ 1 x {0},iV b (S ,n - 1 x {L h }) 

> ^ • d^giN”^- 1 x {0}, N b (S n ~ 1 X {X&}) = ^ • L b 


Hence 


wo 


117T 

IF 


+ io Lb - r °' 


The claim follows since L b > 16. 

Now we choose the r, R , s and S in Lemma |l^ as 

r = wo — 2, R = wo + 2, s = i?i, S = R 2 . 

It is clear from the choice of > 16 and ro < Ri that r < R < s < S. We 
claim 


Sublemma 

A T Wo - 2 , Wo+ 2 (Q) c{xeM:d g (x,N b (S™- 1 X {0})) < 6} , 
where T is the set defined above. 

Remark 13 Intuitively, the set {x £ M : d g (x, N b (S™ -1 x {0})) < 6} is 
close to a standard cylinder of length 12 and radius 1. 
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Problem 14 Given R\ and R 2 , let T be defined as above. 


Proof of sublemma. Let Ri,R 2 , T and wq be as above. Note that 
jo(wo) G N b (S ™ -1 x {0}) and P corresponds to R\ and R 2 . Given any point 
x G -Ajj) :2 Wo + 2 (Q)i let 7 : [0,4] —> M be a normal minimal geodesic with 
7(0) = Q, 7'(0) G r, 7 ( 4 ) G B(Q 1 R 2 )\B(Q 1 Ri) and 7 ( 4 ) = x for some 4 G 
[u>o — 2 , wo + 2 ]. The geodesic 7 exists since x G 2 ,w 0 +2 (Q) hnplies there 

exists a normal minimal geodesic 7 : [0,4] —> M with 7 ' (0) G T, 7 (4) = a: 
and 4 G [ico — 2, wo + 2]. Since 7 ' (0) G T, 7 extends to a normal minimal 
geodesic 7 as above. From 7 ( 4 ) ^ B{Q,R\), we have 4 > i?i > J"o- Then 
7 (4) ^ l>N b (S '™ -1 x [— Lb, Lb]) and hence 7 will intersect TV 6 (S ™ -1 x {0}) 
at some point 7 (u> x ) (for the same reason as before as applied to 70 ). That is, 

7 K) G N b (S ™- 1 x {0}). 

Since the mean radius of N b (S ™ -1 x {0}) is 1, we have by (|j) 

dghiwx), 70 (w 0 )) < 


Hence we get 


\Wx 


^From the triangle inequality 


1 Htt 

w 0 \ < — < 4. 


( 10 ) 


\d g (Q,l(w x )) - d g (Q, 7o(wo))| < d 9 (7(wa,),7o(wo))- 
On the other hand 


ivq 2 7 d g (Q,x) — fx 7 vjq T 2. 
Combining ( 0 ) and ( 0 ) we get 


( 11 ) 


I lx - W x \ < 6, 


( 12 ) 


which implies 

d g {l{wx), x) = d g (7 (w x ) , 7 (4)) < 6 . 
Since 7 (w x ) G N (S ™ _1 x {0}) , 

d g {N b (S ™ -1 x {0}), x) < 6 . 

This completes the proof of the sublemma. ■ 
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It follows from the sublemma and (||) that 
V°1 [^uj 0 —2 ,wo+2 (^5)] 

< Vol ({a; e M : d g {x,N b ( S n ~ x x {0})) < 6}) 

< Vol ({xeM: d m (x,N b (S"” 1 x {0})) < y • 6}^) 

< • VoWjj ({* G M : d N ^(x, N b (S™- 1 x {0})) < y • 6} 

V toy 9 

We now finish the proof of the proposition. Applying Lemma O we get 


Vol [B(Q,R 2 )\B(Q,R 1 )] 


m( r) 


(R™ - B?) 


< 


Vol (-'4-Ju 0 _ 2l1Uo + 2 (Q)) 

■ (( w 0 + 2)" - (wo - 2)") 


since wo — 2 < wo + 2 < ro < R\ < i? 2 - Replacing the common factor m(T) by 
u > n -1 and applying the estimate above, we get 


Vol [B(Q,R 2 )\B(Q,R 1 )} 
^ • ( r 2 - R n i) 


< 


Vol {A r Wo 2>Wo+2 (Q)) 


- ""--i • ((w Q + 2)™ - (wo - 2)™) 
-12 

- • ((w 0 + 2) n - (w 0 - 2)")' 


< 


We have proved by using (J7|) 
Vol [B(Q,R 2 )\B(Q,R 1 )\ 


(R% - 2?") 


< 


-12 


((|L 6 + 2)»-(lL 6 -2)»)- 


If we choose Lb > max(L a , 16) satisfying 


10 . 19 
9 


(0 + 2)"-(|L^2)») 


< <5, 


(13) 


(14) 


and choose Sb = e'( yjj, 1, Lb), then the proposition follows from dll) and ©• 


4 Proof of the main result 

The main part of this section is devoted to estimate the relative volume in (^j) 
from below by ASCR when Ri and R 2 is large and dimension n is odd; see 
Proposition 21 below. The main result Theorem^ is proved at the very end of 
this section. 
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4.1 Asymptotic scalar curvature ratio 

Let (A i n ,g) be a complete, noncompact Riemannian manifold with positive 
sectional curvature and Q G M. Define a function a : R + —> R + by 

a(r) 2 = sup R(x)d(x,Q) 2 , (15) 

x&M\B(Q,r) 

a function n(r) : K + —> R + by 


n(r) = sup R (x ), 

x£M\B(Q,r) 


and a function p(r) : K + —> K + by 


p[r) 


irr 

4 a(r)' 


The following lemma is clear. 

Lemma 15 (i) a(r) is positive and monotone nonincreasing. 

(ii) ASCR(g) = lim r -.oo a(r) 2 . 

(in) n(r) ■ r 2 < a(r) 2 . 

To prove Proposition |2l], we assume ASCR(g) < +oc since otherwise the 
proposition is clearly true. For any gi G (0,1) there is ry = r\{ip, M) such that 

a(r) < sj ASCR(g) + rj\ , for all r > n. 


Clearly we have 


o(r) 

r 

p(r) 


0 + 


as r 


+oo, 


+oo as r —> +oo 


r ^SAscm+n) fer > ri . 


p(r) 


(16) 


4.2 The hypersurfaces 5 r (p) 



smooth and strictly convex function 6 q such that 

bq{x) — bq(x) < 772 for all x G A4. 


(17) 
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We define C r = 6q 1 (— oo, r) and S r = &Q 1 (r). So in any case we have a smooth 
and strictly convex hypersurface S r and a strictly convex set C r . It is clear that 
S r = dC r . 

We define the hypersurfaces S r (p) parallel to S r by 


S r (p) = | a: G M : d (x, Cr'j = p j . 


The following, which is Lemma 2 on p. 157 of | ESS-89| , gives an estimate for 
the second fundamental form of these parallel hypersurfaces. 


Lemma 16 (bounds for the 2nd fundamental form of parallel hypersurfaces) 
(i) If sectional curvature K < e 2 on A4 —C r , then the parallel hypersurfaces are 
smooth embedded hypersurfaces for 0 < p < n/ (2e). 

(ii) Let g p and h p £ C°° I S 2 T*S r (p) J denote the first and second funda¬ 


mental forms of S r ( p ), respectively. Then 


—etan (sp) gf <h p r < -g p . 

P 


(in) Taking p = 7r/(4e) in (ii) we have 


-egf /{ie) < ^ /(4e) < — 5 ; /(4e) . 

7r 

(iv) The Weingarten map : TS r (7r/(4e)) —> TS r (7r/(4e)) satisfies 



where ||L|| = max|„| =1 |L(u)|. 


Remark 17 Note that if e is small, then 7r/ (2e) is large. That is, the parallel 
hypersurfaces S r (p) are smooth for large p. Our conclusion is that, assuming 
K < e 2 on Ai — C r , the second fundamental form of S r ( 7 r/ (4e)) is small. The 
reason we have the weaker 1/p upper bound on the second fundamental form is 
that S r could be close to a point (like a small sphere). In particular, the 1/p 
upper bound is sharp for Sq a point in euclidean space. 

To apply Lemma |l^ we need to estimate e in terms of n(r) and hence a(r) 
in regards to the condition that the sectional curvature K < e 2 on A i—C r . We 
will use the following elementary result whose proof is given in Appendix B. 

Lemma 18 (i) S r C &q 1 ((?’ — V 2 , r + 772 )) and S r C A i\B(Q, r — 772 )- 
(ii) B(Q,r- p 2 ) C 6g 1 ((-oo,r - p 2 )) C C r C 6g 1 ((-oo,r + p 2 ))- 
(in) S r (p) C M\B(Q,r + p - p 2 ). 

(iv) If S r C B(Q, rf), then S r {p) C B(Q,r] + p). 
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4.3 Estimate of the area of S r (p) by Gauss-Bonnet formula 


Note that sectional curvatures are less or equal to scalar curvatures pointwise on 
a manifold with nonnegative sectional curvature, i.e., I\ x < R(x). By Lemma 
[us] (ii) and Lemma ^5| (iii) 


sup K x < sup R(x) 
M\C r M\B(Q,r-rj 2 ) 


n(r - rj 2 ) < 


a(r - r\ 2 ) 2 
(r - p 2 ) 2 


4 p (r - rj 2 ) 


2 


Hence by Lemma [lq (i), (ii) the hypersurface S r {p) is smooth for p < p(r — ip) 
and its Weingarten map L r (p) is bounded by 


\L r (p)\\ < ~ for any p < p(r - p 2 ). 
P 


(18) 


■ tan 


(4 p(r-ri 2 )P) — p 


Indeed, since tan0 < | for 0 < 9 < 7r/4, we have 4p ^ r _ m ) 
if P < p{r - 772). 

For the remainder of this section we assume that n is odd and consider 
only {0,p(r — p 2 ))- Let m = {n — 1) /2. We shall apply the Gauss-Bonnet 
formula to the hypersurface S r (p) for r > n as defined in subsection [1.1| . Fol¬ 
lowing [ ESS-89| [ GW-82 ], let G r (p) be the Gauss-Bonnet integrand of S r (p) 
with the induced metric. There are many instances of the formula for G r ( p) 


in the literature (see for example p. 749 of [ C-441 or p. 740 of 
general G r {p) is defined by 


GW-82|), in 


bJn —1 


-Gr (p) dV = 


2 2m f ro m ! A • • • A 


where flij are the curvature 2-forms of the induced metric on S r (p). Recall that 
u) n -i =Vol(5' 2m ) = 2 2rra+1 7r m ?n!/ (2m)!.Hence 


G r (p) dV = 


(2m)! 




22 m ^2122 A 


A Q,i 


By the Gauss-Bonnet formula 

[ G r (p) dVg/s = x (<Sr ( p) \ = 2. (19) 

u n- 1 JSr(p) v J 

We need to estimate the Gauss-Bonnet integrand (see 
[|ESS-891 p. 160ff). Define 

Qr{p) = G r (p) - det [Lr{p)\ ■ 

/From Lemma [Is] (iii) we have the following estimate of the sectional curva¬ 
ture K x of M at points in S r (p) 


\ GW-82] p. 740ff or 


sup K x < n{r + p- %) 
x£S r (p) 
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We estimate Q r {p) as on p. 160 of 
only on n. For r > 1 > 772 


ESS-89 . Below 


c(n) is a constant depending 


m 

\Qr(p)\ < c(n) ■ K(r + p - rj 2 ) p ■ (\L r {p)[ 


P= 1 


m—p 


< c{n) ■ 


i(r + P- m) 2p f _J_ 
(r + p-p 2 ) 2p Vp 2 

1 


< c(n) • ^2 a{r + P ~ 7? 2 ) 2p 


P= 1 


It follows from the monotonicity of a(r) that for r > 1 


|Qr(p)| < c(n) • -h- • ^a(r- ?72) 2p . 
P P =i 


/From dl 8 |), (|19j) and (|20|) we get for r > 1 
G r(P)dV §r{p) 


&n—l — 


'Sr(p) 


< 


< 


Sr-(p) 


(\Qr(p)\ + |det [L r {p)]\) dVg Ap) 


j ( C W • 71WT ' £ «( r - P2) 2p + —rr'j 

is r (p) V P P^l P J 


dVi 


Sr(p)- 


( 20 ) 


Thus we have obtained the following lower bound for the areas of the hypersur¬ 
faces 

Lemma 19 There is a constant c(n) depending only on n such that for any 
r > 1 and p < p{r - t? 2 ) = 2 a(7-nl) 


Area 


Sr(p) 


> 


^n —1 


c{n) -YZ= ia(r-?/ 2 ) 2p + l 


' P 


( 21 ) 


4.4 The final argument 

Lemma 20 (i) For r > 1 


S r C B 



r+ 7] 2 

1 - 0 (r - 772) 


(zi) For r > 1 and p < p(r — 772 ) 


B(Q,r-i 72). 


S r (p) C F 



r + 772 

1 - 0 (r - 772) 



B{Q,r~ 772 ). 
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Proof, (i) For any x £ S r it follows from Lemma [Is] (i) that d(Q , x) > r — 772 
and bQ(x) < r + 772 . By Lemma ff] (ii), (i) we have for 

M x ) > (! - 9 ( d (Q> x ))) ’ d iQi *)>(!- - 772)) • d(Q, x), 


Hence 


d{Q,x ) < 


?72 


1 - 9 (r - 772 )' 

(ii) This follows from (i) and Lemma m (iv). ■ 

By Lemma |l] (i) there is a r 2 = r 2 (A4) such that 6{r) <1/2 for all r > r 2 . 


Proposition 21 Let (.A/P, < 7 ) be a complete, noncompact Riemannian manifold 
with positive sectional curvature and Q £ A4. For any 771,772 > 0 there is 
r 1 = ri(? 7 i, Ai) and r 2 = r 2 (Al) such that for any r > max{ri,r 2 } + 5 


Vol 


> 


B ( Qi 1 — , + p( r - m) ) \ b(q, r - ?7 2 ) 


1 - 8(r -772) 

^n—1 


P(r - 77 2 ) r 


c(n) • E™ i(\MSC7?( 5 ) + 77 ^ + 1 
Proof. 7, From Lemma |o| (ii) 

/ V ~\~ Tj2 \\ 

u 0 <p<p(r-r, 2 )Sr(p) C B IQ, 1 _ g ^ ^ + p(r - t? 2 ) I \ B(Q, r - ?7 2 ) 

we get by the area estimate @ 

r + 772 


Vol 


1? Q 


1 - 9(r - 772 ) 
> Vol(U 0 <p< p ( 

r-rj 2 )^r (p)) 

rp(r-V 2 ) 


+ p( 7 '- 7 ? 2 ) \ B(Q,r- 772 ) 


> 


^n—1 




c(n) • )Cp=i a(7- - t? 2 ) 2p + 1 
W «-1 p{r - 772 ) 


c (v) • XT=i «( r - m) 2p + 1 


n 


( 22 ) 


The proposition follows from 6 {r — 772) < | and a(r — 772) < \JASCR(g) + rji 
when r > r > max {n, r 2 } + 5. ■ 

Now we finish the proof of Theorem^. Let (eo, fco, Lo) = (min(e a , £&), k a , Lb) 
given in Proposition [To]. Let N : S n_1 x [— L,L] —> A4 be a (e, fc,L)-neck with 
(e,k,L) =4 ( eo,ko,L 0 ) and Q £ V(5' Tl_1 x {—L 0 }); this will give us a constant 
rg. Choose positive 771 < 1 and 772 < 1, this will give two constants ri and r 2 . 
Choosing an r > max{ro, ri, r 2 } + 5 and letting t ?, 2 =f + p{r — t? 2 ) and 

Ri = r — 772 in Proposition [h], we get from ([Hi]) and ( p^ ) 
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ffl n --12 


((^Lo + 2)™-(^L 0 -2)™) 


> 


> 


> 


_ <fn-l _ p(r-Tj 2 ) 

C (”)-E ™=1 a ( r — 7 72) 2p + l " 




1 —0(r— 772 ) 
1 


1 n \ 

+ p(t~ - rn) - (r - 772 )”) 


c W • E p =i a ( r - 7 ?2) 2p +1 


( 


7~ + 772 


[l-0(r-77 2 )]'P(7'-77 2 ) 

1 


+ 1 ’ 


c(n) ■ E™= 1 a{r - r] 2 ) 2p + 1 (^a(r - m) + l) ? 


where in the last inequality we have used p ( 9 tl P2 ) < f a(r — 772) and 9 {r — 772) < 
1/2. This is because r > 5 and p ^~_l p2 ^ = ^ a ( r — 772 )- Using a(r — 772) < 
a/ ASCR(g) + 771 we get 

(DVi i’ l -I 2 

^((^o + 2)«-(^Lo-2)-) 

> 1 1 

~ c(n) • E^=i ( V A SCR(g ) + 77i)^ + 1 (^(x/^^ + ^i) + 1 )” 

Now it is clear that we can make ASCR(g) > Cq if we choose L 0 large enough. 
Theorem || is proved. 


5 Existence of necklike points in ancient solu¬ 
tions 


We first recall the following result of Hamilton which is based on an estimate of 
Hamilton (Theorem 24.4 in | H-95a l) and Ivey 


1-931 . 


Lemma 22 If (A4 3 , g (i)) , t£ (— 00 , 0 ;), is a complete ancient solution of the 
Ricci flow with bounded curvature, then g (t) has nonnegative sectional curvature 
for all t £ (— 00 , w). 


Proof. See [ H-95a | or for a more detailed proof [ CKE ]. 


We also note that in a lemma in §19 of ( H-95a|, Hamilton also proved that if 
(A4", g (t)) is a non-Ricci flat ancient solution with nonnegative Ricci curvature, 
then there exists a constant cq > 0 depending only on n such that 


liminf|l| sup R(x,t) > Cq. 

* _0 ° xGM 


(See also Lemma 19.4 of | H-95a] for a related result for Type I singularities.) In 
some sense this may be considered as an elementary gap-type result for ancient 
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solutions to the Ricci flow regarding the geometry at t = — oo of the space-time 
manifold M n x (— 00 ,uj) . 

Following the terminology of 
Type I-like c-essential point if 

|Rm (x,t) | • |i| > c > 0. 


CKE] we shall say that ( x,t ) is an ancient 


We say that (x, t ) is a S-necklike point if there exists a unit 2-form 8 at (x, t) 
such that 

|Rm —R (8 <g> 9)\ < S |Rm| . 

We have the following result due to the first named author which we believe 
to have first appeared in the unpublished notes [ CKEfl. Similar results were 


proved earlier by Hamilton in Theorem 24.6 of | H-95a] on the existence of 


necklike points in Type I singular solutions to the Ricci flow on compact 3- 
manifolds on finite time intervals [0, T) (see also Theorem 3.3 in §2.3 of 
for a similar result in dimension four) and Corollary 3.5 of §2.3 of 


H-971 


H-97| on 


the existence of necklike points in Type I-like ancient solutions with bounded 
positive isotropic curvature. 

Theorem 23 Let (A4 3 , <7 (f)) , t £ (— 00 , 0 ;), be a complete ancient solution of 
the Ricci flow with bounded positive sectional curvature. Suppose that 

sup |f | 7 R (x, t) < 00 
JA x (— 00 ,0] 

for some 7 > 0. Then either 

1. (A i,g{t)) is isometric to a shrinking spherical space form, or 


2. there exists a constant c > 0 such that for all r £ (— 00 ,0] and S > 0, there 
exist x £ M. and t £ (— 00 , r) such that (x,t) is an ancient Type I-like 
c-essential point and a S-necklike point. 


Proof. We shall show that if for every c > 0 there exist r £ (— 00 , 0] and 
8 > 0 such that there are no ancient Type I-like c-essential 5-necklike points 
before time r, then (A4,g(t)) is isometric to a shrinking spherical space form. 
By the hypothesis, there exists 7 > 0 such that 

K = sup |f | 7 R (x, t) < 00 . 

JA x (—oo,0] 

(When 7 = 1 , this is the definition of an ancient Type I-like solution.) Since 
the scalar curvature of ( M,g(t )) is positive, the function 

O 

r ^ u|7e/2 |Rm| 2 
G • 11 f? 2 - e 

o 

is well-defined. Since the sectional curvatures are positive, |Rm| < |Rm| < R, 
and we have the estimates 

G< R e \tf e/2 < K e \t\- Js/2 , 
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which show that G is bounded for all times —oo < t < 0 and satisfies 

lim sup G (x, t) = 0. 

*^ _0 ° xeM 


( 23 ) 


If there are no ancient c-essential <5-necklike points on the time interval (—oo, t], 
then for every x £ M. and t £ (—oo, r) either 


|Rm (x, t)\ ■ |0 < c 


(24) 

(25) 


or we have 

|Rm —R (9 ® 9)\ > S |Rm| 
for every unit 2-form 9 at (x,t). 

A straightforward computation yields that if <fi is a nonnegative function and 
0 is a positive function, both defined on space and time, then 


£-A| 1^1 =a 


dt 


il>0 




— a (a — 1 ) ■ 


b a_2 
ipP 


w: ~ A ) 0 


0/3 + 1 

2 „ ,n , 0“ ,„,,2 


|V0| — /? (/3 + 1) 


0/3+2 


iv^r 


+ 2a/^ (V0,V0). 


O 

Taking 0 = (—f) Te/ |Rm| 2 , 0 = I?, a = 1, and /3 = 2 — e, & computation yields 
f) 2 ( 1 — 

_ G < AG + j (VG, VI?) + 2 J, 


where 


and 


J = 


. 1*1 


7 e /2 r 


’ R 3 ~ e 


e|Rm | 2 ( |Rm | 2 — 


7 R 

W\ 


- p 


P = A 2 (/x — x /) 2 + /x 2 (A — i0 2 + j ' 2 (A — /x ) 2 > 0 

(here A,/x,/x are the eigenvalues of Rm.) Fix any (x,t) with t < r < 0. If the 
first alternative (E4) holds there with c < 7 / 8 , then we may estimate the term 


7 R 


|Rm|“ - Tiir < i* l Rm l-TV <J? b-7V < 


4 |t| 


and hence dropping the — P < 0 term yields 

J<-^G. 


10 410 


71 ? 


00 


On the other hand if the second alternative (|25|) holds, then Lemma |27] in 

Appendix C implies there exists rj (S) > 0 such that P > tj |Rm | 2 |Rm | 2 whence 
it follows that taking e < 77 gives 

J <-TT\G- 

- 410 
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Thus in either case, G is a subsolution of the heat equation for all times — oo < 
t <t, because 


— G< AG 
dt ~ 




By the weak maximum principle, which applies even when A4 is noncompact 
since the both the curvatures and G are bounded, sup^g^ G (x, t) is a nonin¬ 
creasing function of time. We may then use ( j23| ) to conclude that G = 0, hence 
that (M 3 ,g(t)) locally isometric to a round S 3 . Since ( M 3 ,g(t )) is complete, 
we conclude that it is compact and globally isometric to a spherical space form 


s 3 /r. ■ 

Now we shall assume that M 3 is noncompact. Since g (t) has positive sec¬ 
tional curvature, by a result of Gromoll and Meyer 
tivity radius estimate: 


GM-69|, there is an injec- 


Proposition 24 M 3 is diffeomorphic to R 3 and 


inj(M 3 ,g{t)) > 


7r 

x/^sup (t) 


where K sup (t) is the supremum of the sectional curvatures of g (t). 


We may apply this estimate and a standard compactness theorem to obtain 
a cylinder limit solution. In particular, we have: 

Theorem 25 If (Ai 3 ,g(t)) , f £ (— 00 , to ), is a complete noncompact Type I- 
like ancient solution of the Ricci flow with bounded positive sectional curva¬ 
ture on an orientable 3-manifold, then there exists a sequence of points and 
times ( Xi,ti ) £ M 3 x (— 00 , 10 ) such that the dilated and translated solutions 
(M 3 , gi (f), Xi) , t £ (- 00 , tof ), where 

gi (t) = R(xi,ti) ■ g 

and uji = R (xi, U) (T — tf), limit to a solution g 00 (t),x 

00) 1 t 7 

to the Ricci flow isometric to the standard shrinking cylinder S 2 x R. 


ti + 


R (Xi, tf) 


Remark 26 The conclusion also holds with the additional condition on the 
sequence of times: lim^oo ti = —00. 

Proof. Choose any sequence {<5i} igN with lim^oo Si = 0. By Theorem |3] 
(with 7 = 1 ,) since M is noncompact (and hence (M,g(t)) is not isometric to 
a shrinking spherical space form), there exists a constant c > 0 such that there 
exists points and times ( Xi,fl ) such that 

|Rm (xi,ti)\ ■ \ti\ > c > 0. 


and 

|Rm —R (0 ® 0)| (, Xi , ti) < Si |Rm (xi, U)\. 
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for some unit 2-forms 9i. By Gromoll and Meyer’s injectivity radius estimate, 
we may apply Hamilton’s Gromov-type compactness theorem for solutions of 
the Ricci flow [ H-95b| to the sequence of pointed solutions (Ad 3 , gi (t ), Xi) , 
t £ (— 00 , Ui) where 


9i (^) R '9 ( T 


R (Xi , f j) 


and uii = R(xi,ti) (T — ti). We obtain a complete limit ancient solution to 
the Ricci flow (Adj^,, ( t ), a^oo) , t £ (— 00 , Woo), on a noncompactfj] orientable 
3-manifold with bounded nonnegative sectional curvature and 


Rm {900 (*£oo10)) — R {9oo (*^oo i 0)) (6 oo 0 0 o 


for some unit 2-form 0^. By the strong maximum principle we conclude that 
the universal covering solution ^Ad;^,(j x (t)j , t £ (— 00 ,^ 00 ), is isometric to 

the product of R and a complete ancient Type I-like solution (AT 2 , /loo (t)) , 
t £ (— 00 , Woo) j to the Ricci fl ow on a surface with bounded positive curvature. 
By Theorem 26.1 of | H-95a|| , (A/’ 2 ,/i 00 W) is isometric to a shrinking round 
sphere (and in particular, Af 2 is compact.) Now there are only two noncompact 
orientable quotients of S 2 x R : S 2 xR itself and RxRP 2 , the nontrivial R-bundle 
over RP 2 . Topologically, RxRP 2 =S' 2 x[0,oo)/ ~ where (a:, 0) ~ (— x, 0), which 
is diffeomorphic to RP 3 — B 3 . If Ad ^ = RxRP 2 , then Ad 3 admits an embedded 
(one-sided) RP 2 (since Adj^ does). However, by the work of Gromoll and Meyer 
[ |GM-69|| , we know that Ad 3 is diffeomorphic to R 3 . This yields a contradiction. 
Hence (Adj^,,^ ( t ), x^) is isometric to R x (Af 2 , (f)) , where (Af 2 ^^ (t)) 

is a shrinking round 2 -sphere. ■ 


We are now in a position to prove Theorem [| assuming Theorem |j. 

Proof of Theorem [|. Let (Ad 3 ,g(t)) , —00 < t < w, be a complete ori¬ 
entable noncompact ancient Type I-like solution to the Ricci flow with bounded 
positive sectional curvature. By Theorem [25| there exists a sequence of points 
and times ( Xi , U) £ Ad 3 x (— 00 , w) such that the dilated and translated solutions 
(Ad 3 ,gi ( t),Xi ) , t £ ( — 00 , Wi), limit to the standard shrinking cylinder S 2 x R. 
Now, by Theorem given any Aq < 00 , there exists (eo,ko,Lo) such that if 
(A4 3 ,g) is a complete, noncompact Riemannian manifold with bounded positive 
sectional curvature and containing an (e, k, L)-neck with (e, k, L ) (eo, ko, Lq ), 
then ASCR(g) > A$. On the other hand, since (A4 3 , gt (0), Xi) limits to a 
standard cylinder S 2 x R, for i large enough, there exists an (e 0 , ko, Po)" n ock in 
(Ad 3 ,<?i (0), Xi) . This implies 


ASCR (g (ti)) = ASCR (g z (0)) > A 0 . 


In §19 of | H-95a] Hamilton has proved that the asymptotic scalar curvature 


ratio of a complete ancient solution to the Ricci flow with bounded nonnegative 


Hf m 3 x were compact, then Ai 3 would be diffeomorphic to Ai 3 ^, which contradicts the 
asumption that Ai 3 is noncompact. 


23 












curvature operator (when n = 3, this is the same as nonnegative sectional 
curvature) is constant in time. This implies that for all t £ (— 00 , 0 ;) we have 
ASCR(g (f)) > Aq. Since A 0 < 00 is arbitrary, we conclude that 

ASCR (,g (t)) = 00 


for all t £ (— 00 , 0 ;). ■ 


6 Appendices 


6.1 A 

Proof of Lemma |8j. It suffices to show that there is s' such that if N : 
S n ~ 1 x [a, b] —> M is an (s', k, L)-neck then inequalities (|3[) and (Q) are satisfied 
on z £ [2±k-L,e*±+L\. 

Assume s' < min {l, so that 
1 | < 2 |cc| for |a"| < In 2 , we get for z £ 


d In r(z) 
dz 


< s'. Using the inequality \e x — 

s^-L,s^+L\, 


In 


r\z) 


' 2 (^) 


< 2 


l(a+b)/2 d ( 


(Inr(O)dC 


< 2 Le' < In 2 , 


which implies 


/From -pr^g-g 


\z) 


2( a±b) 


- 1 


< 2 


In 


r\z) 


r 2(a±b) 


< 4 e'L. 


< s' we get 


r 2 (z) 


■ 9 


^ \Ari T s' 


since \g\- = g lj g t j = n. Hence for z € — L , + £] 


r 2(a±by 9 9 


< 


2 (z) 


9~9 


r 2 (z) 

r 2 (^) 


- 1 


<e' + 4 e'L ■ {^fn + s'). 


l (z) 


■ 9 


If we choose 


/ -i In 2 

s < mm < 1 , ——, 


21'1 + 8 Ly/n 


inequality ( 0 ) will hold for z e [ S ^-L,^ + L\. 


Let 


V ; r 2 (^) 
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Assume now e' < min { i, ^}. From 


d 3 log r(z ) 
dzo 


< e' for 1 < j < k and 


e R W < 1 + 4 e'L we get for 1 < j < k and z £ -L,^+L\ 


d?R(z) 


dzi 


< 2e' 


and 


d> r 2 (z) 


e «w 

dz 0 r 2(S±b) 




< c(j) • e R{z) ■ max 

*iH-I ~ip=j 


d h R(z) _ _ d ip R(z) 


dz' 1 


dz lp 


< c{j) ■ (1 + 4 e'L) ■ 2e’ 

where c(J) is a constant depending only on j. Hence for 1 < j < k and z £ 
[^~L,^ + L] 


V j 


1 


„ 2 (oJ±) 


• 9 


—e R(z) 


V j ( e R(z) ■ 


1 


^E 

i =0 v 7 

J - 1 / 

< (1 + 4e'L)e' + ^ ' J 




r 2 (z) 

1 


r 2 ( 2 ) 


• 9 


i= 1 


c(i) ■ (1 + As’L) ■ 2e' ■ e’ + c(j) ■ (1 + 4 e'L) ■ 2e'. 


Note that in the last inequality above we have used 


V 7 ' 


(r 2 (z) ‘ s) 


< e' for 


1 < j — i < k. So there is a constant Ck depending only on k, such that if we 
choose 

, . f 1 In 2 e 

e < mm 


2 ’ 2L ’ Ck • (1 + 4L) J ’ 
then inequality (j|) will hold for z £ — L, ^4^ + L\. The lemma is proved. I 


6.2 B 

Proof of Lemma |l8]. We shall use the properties of Busemann functions in 
Lemma |(j. 

(i) For any x £ 5V,6 q(x) = r. It follows from (|l7]) that |6 q(x) — r\ < ry 2 - 
Hence S r C 6g 1 ((r - 772 , r + 772 )). 

For any 2: £ S r , &q(x) > r — 77 2 - Since &q(x) < d(Q,x), d(Q,x) > r — 772 and 
-SV C M\B(Q,r - 772 ). 

(ii) For any x £ B(Q,r — 772), d(Q,x) < r — 772. Since 6 q(:e) < d(Q,x ), 
6q(x) < r - 772 and B(Q,r~ ij 2 ) C 6g 1 ((-oo,r - 772)). 

For any x £ 6 q 1 ((-oo, r- 772 )), 6q(x) < r- 772 . By & M®) < MaO+772 < 
r. Hence 6 q 1 ((— 00 , r — 772)) C C r . 
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For any x £ C Tl bq(x) < r. By bq(x) < bq{x) + 772 < r + r/2- Hence 
C r C 6g 1 ((-cxD,r + 772)). 

(iii) For any x £ S r {p), d(x , S r ) = d(x, C r ) = p. Let 7 be a minimal geodesic 
from Q to x. It is clear that 7 intersects S r at some point 7(£), thus 

d(Q, x) = d(Q, 7 ( 7 )) + d{ 7(Z), x) > d(Q, 5 r ) + d( 5 r , x) > r - 772 + p, 

and hence S r (p) C M\B(Q , r + p — 772). 

(iv) For any x £ S r (p) let y £ S r be a point satisfying d(x, y ) = d(x, SV) = p. 
Then from S r C B(Q,rf) 

d{Q, x) < d(Q, y) + d(y, x) < 77 + p, 

so that S r {p) C B(Q, 77 + p). ■ 


6.3 C 


Here we give the proof of an estimate of Hamilton used in the proof of Theorem 



Lemma 27 If for some S £ ( 0 , 1 ) we have |Rm — R (9 ® 9)\ 2 > S |Rm| 2 for 
every unit 2 -form 9 , then 

P > — - -— IRml 2 IRml 2 . 

“ 96 (3 - S) 1 11 1 

Proof. We may assume without loss of generality that |A| > \p\ > \v\. The 
hypothesis implies that 

p 2 + v 2 + pv > ^ (A 2 + p 2 + v 2 ) , 

and hence that p 2 + v 2 > 33^A 2 . Since \p\ > \v\ by assumption, we have 
P = A 2 (p — v ) 2 + p 2 (A — v ) 2 + v 2 {\ — p ) 2 

> A 2 {p- vf + 2 ^ A2 ( A - v f + y2 0 - t L ) 2 ■ 


Now notice that 

and 


|Rm| 2 = A 2 + p 2 + v 2 < 3 A 2 


|Rm| 2 = i (A - p ) 2 + (A - v ) 2 + {p - v ) 2 < ^ (A 2 + p 2 + v 2 ) < 4 A 2 . 

O L _ J O 


2 This is a version of an estimate in the proof of Theorem 24.6 of [ H-95a| ]. 
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So if \v\ < |A| /2, we have 

5 


P > 


2(3-5) 
while if \v\ > |A| /2, we get 

5 


A 2 (A - > 


-A 4 > 


8(3-6) - 96 (3 - 5) 


|Rm | 2 |Rm| 2 , 


p > y (n- vy + 


2 (\ ,,\2 , 1 i 2 /i ,.\2 




> 


2(3-5) 


A 2 


(H - vf + (A - vf + (A - nY 


> 


2 (3 - 5) 


|Rm | 2 |Rm| 2 , 


because | 
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